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BERGMAN KERNEL ON RIEMANN SURFACES AND KA¨HLER
METRIC ON SYMMETRIC PRODUCTS
ANILATMAJA ARYASOMAYAJULA AND INDRANIL BISWAS
Abstract. LetX be a compact hyperbolic Riemann surface equipped with the Poincare´
metric. For any integer k ≥ 2, we investigate the Bergman kernel associated to the holo-
morphic Hermitian line bundle Ω⊗k
X
, where ΩX is the holomorphic cotangent bundle of
X . Our first main result estimates the corresponding Bergman metric on X in terms
of the Poincare´ metric. We then consider a certain natural embedding of the symmet-
ric product of X into a Grassmannian parametrizing subspaces of fixed dimension of
the space of all global holomorphic sections of Ω⊗k
X
. The Fubini-Study metric on the
Grassmannian restricts to a Ka¨hler metric on the symmetric product of X . The vol-
ume form for this restricted metric on the symmetric product is estimated in terms of
the Bergman kernel of Ω⊗k
X
and the volume form for the orbifold Ka¨hler form on the
symmetric product given by the Poincare´ metric on X .
1. Introduction
Estimates of Bergman kernels associated to high tensor-powers of holomorphic line bun-
dles defined on compact complex manifolds has been studied since a long time. Tian [Ti],
Zelditch [Ze], [SZ], Demailly [De1] [De2], and more recently, Ma and Marinescu in [MM],
have done seminal works in this field. Recently, in [AMM], Auvray, Ma, and Marinescu
have extended their estimates of Bergman kernels to noncompact hyperbolic Riemann
orbi-surfaces.
In this article, we study derivatives of Bergman kernels associated to tensor powers of
holomorphic line bundles. The first main result of the article, is an estimate of the
Bergman metric, which is also an area of great interest in the field of analytic geometry
and complex analysis.
Symmetric products of Riemann surfaces are extensively studied in algebraic geometry.
The symmetric products of a compact Riemann surface X guide many of the algebraic
geometric aspects of X ; see [ACGH], [Ke]. These symmetric products also arise in math-
ematical physics because they are important examples of vortex moduli spaces [MN],
[Man], [Pe], [BR1], [BR2]. The topology of symmetric products of a Riemann surface was
first studied by Macdonald in [Mac].
The second main result of the article, is an estimate of the volume form associated to a
certain Ka¨hler metric on the symmetric product of a compact hyperbolic Riemann surface.
We now describe the main results of the article. Let X be a compact connected Riemann
surface of genus at least two. It is equipped with the Poincare´ metric with constant scalar
curvature −1. The holomorphic cotangent bundle of X , which is denoted by ΩX , is very
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ample if X is non-hyperelliptic. In general, ΩX is a line bundle with a connection of
positive curvature induced by the Poincare´ metric.
Take any positive integer k. The Bergman kernel for the line bundle Ω⊗kX is given by
the sum of the point-wise norm-square of an orthonormal basis of H0(X, Ω⊗kX ) for the
L2 Hermitian metric on it; this Bergman kernel function is independent of the choice of
the orthonormal basis. Using this kernel function as the Ka¨hler potential, a Ka¨hler form
on X can be constructed, which is called the Bergman metric. The first main result of
the article is an estimate of the Bergman metric on X , which is derived in terms of the
Poincare´ metric on X and the Bergman kernel for Ω⊗kX .
The following theorem describes our first main result, and is proved as Theorem 2.5.
Main Theorem 1. Let X be a compact hyperbolic Riemann surface X, and let µhypX
be the hyperbolic metric on X. Let BkΩX denote the Bergman kernel associated to the
holomorphic cotangent bundle ΩX , and for any z ∈ X, let µk ,berX (z) denote the weight-k
Bergman metric on X, which is as expressed as
µk ,berX (z) := −
√−1
2π
∂∂ log
(BkΩX (z)) .
Then, for any k ≥ 3 and z ∈ X, we have the following estimate∣∣∣∣µk ,berX (z)µhypX (z)
∣∣∣∣ ≤ k2π · CkXBkΩX (z) ·
(
4 Ck
X
BkΩX (z)
+ 5 +
1
2k
)
+
k
2π
,
where Ck
X
:=
2k − 1
4π
(
2 +
16
cosh2k−4(rX /4)
+
8
cosh2k−3(rX /2)
)
+
2k − 1
2π sinh2(rX /4)
·
(
1
(2k − 2) cosh2k−3(rX /2)
+
1
(k − 2) cosh2k−4(rX /2)
)
,
and rX denotes the injectivity radius of X, which is as defined in equation (2.2).
The symmetric product Symd(X) mentioned earlier is the quotient of the Cartesian prod-
uct Xd for the action of the permutation group on Xd that permutes the factors in
the Cartesian product. This Symd(X) is a smooth complex projective variety of com-
plex dimension d. The symmetric product Symd(X) has a canonical embedding into the
Grassmann variety parametrizing the subspace of H0(X, Ω⊗kX ) of codimension d, for every
positive k sufficiently large. We recall that this embedding sends an effective divisor D
on X of degree d to the point of the above Grassmannian that corresponds to image of
the homomorphism
H0(X, Ω⊗kX ⊗OX(−D)) −→ H0(X, Ω⊗kX ) (1.1)
that occurs in the long exact sequence of cohomologies associated to the short exact
sequence of sheaves
0 −→ Ω⊗kX ⊗OX(−D) −→ Ω⊗kX −→ Ω⊗kX |D −→ 0
onX . The homomorphism in (1.1) can also be interpreted as the realization of the complex
vector space H0(X, Ω⊗kX ⊗ OX(−D)) as the subspace of H0(X, Ω⊗kX ) parametrizing all
holomorphic sections of Ω⊗kX that vanish along the divisor D.
When Symd(X) is embedded in the above Grassmannian, the Fubini-Study Ka¨hler metric
on the Grassmannian restricts to a Ka¨hler metric on the complex submanifold Symd(X).
We estimate the volume form of this Ka¨hler metric on Symd(X). This is done in terms
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of the Bergman kernel for Ω⊗kX and volume form on Sym
d(X) associated to the orbifold
Ka¨hler form on Symd(X) given by the Poincare´ metric on X .
The following theorem describes our second main result, and is proved as Theorem 3.2.
Main Theorem 2. With notation as in Main Theorem 1, for any d ≥ 1, let µhyp
Xd,vol
be
the volume form associated to the metric induced by the hyperbolic metric on Symd(X).
Let nk := (2k − 1)(g − 1) and rk := nk − d, and let Gr(rk, nk) denote the Grassmannian
parametrizing rk-dimensional vector subspaces of C
nk . From homomorphism (1.1), we
then have a holomorphic embedding
ϕkΩ : Sym
d(X) →֒ Gr(rk, nk) .
Let µFS,k
Symd(X),vol
(z) denote the volume form, associated to the pull-back of the Fubini-Study
metric on Gr(rk, nk), via the holomorphic embedding ϕ
k
Ω. Then, for k ≫ 0, and any
z := (z1, · · · , zd) ∈ Symd(X), we have the following estimate∣∣∣∣µFS,kSymd(X),vol(z)µhyp
Xd,vol
(z)
∣∣∣∣ ≤ d∏
i=1
(
k2
π
· C
k
X
BkΩX (zi)
·
(
4 Ck
X
BkΩX (zi)
+ 5 +
1
2k
)
+
k
2π
)
+ oz(k) ,
where oz(k) represents a smooth function on Sym
d(X) for each k, which for any z ∈
Symd(X), goes to zero as k tends to infinity.
A similar study of estimates of Ka¨hler metrics on Symd(X) was undertaken in [ABMS],
which we now describe for the benefit of the reader. Let η(X) denote the gonality of X ,
which is the minimum of the degrees of nonconstant holomorphic maps from X to CP1.
Then, for any d < η(X), we have a holomorphic embedding
φ : Symd(X) →֒ Picd(X) , z : = (z1, · · · , zd) 7−→ OX(D) ,
where D := z1 + . . .+ zd.
Let µg denote the flat Euclidean metric on the complex torus Pic
d(X). Then, µcan
Xd
:=
φ∗(µg) is a Ka¨hler metric on Sym
d(X). In [ABMS], estimates of the volume form of
µcan
Xd
on Symd(X) were computed. Using these it was shown there that any holomorphic
automorphism of Symd(X) is an isometry.
2. Bergman kernels on Riemann surfaces
2.1. Hyperbolic Riemann surface. Let X be a compact hyperbolic Riemann surface
of genus g, with g > 1. The uniformization theorem says that X can be realized as a
quotient space Γ \H, where
H := {z = x+√−1 · y | y = Im(z) > 0}
is the hyperbolic upper half-plane, and Γ ⊂ PSL(2,R) is a torsion-free cocompact Fuch-
sian subgroup. Locally, identify X with its universal cover H, and for brevity of notation,
identify points on X by the same letters as the points on H. Let XΓ denote a fixed
fundamental domain of X .
Let
µhyp(z) :=
√−1
2
· dz ∧ dz
y2
=
dxdy
y2
(2.1)
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be the hyperbolic metric on H, which is of constant negative curvature −1. This µhyp
induces a metric on X because it is preserved under the action of PSL(2,R). The corre-
sponding metric on X is compatible with the natural complex structure of X ; this induced
metric on X will be denoted by µhypX . Locally, for z = x +
√−1y ∈ X , the hyperbolic
metric µhypX (z) is given by the expression given in (2.1).
Let dhyp(z, w) denote the natural distance function on H, which is given by the hyperbolic
metric µhyp. Locally, identifying the Riemann surface X with the hyperbolic-plane H, for
any z, w ∈ X , the geodesic distance between the points z and w on X is denoted by
dhyp(z, w).
The injectivity radius of X is given by the formula
rX := inf
{
dhyp(z, γz) | z ∈ H, γ ∈ Γ\{Id}
}
. (2.2)
2.2. Bergman kernel associated to a holomorphic line bundle. Let L be a positive
holomorphic line bundle on X of degree 2(g − 1) with a Hermitian metric ‖ · ‖. Let
H0(X, L) denote the complex vector space of global holomorphic sections of the line
bundle L. Let
n1 : = dimH
0(X, L) ,
and n1 is equal to g or g − 1 depending on whether L is isomorphic to the holomorphic
cotangent bundle ΩX or not. Similarly, for any k ≥ 2, the dimension of H0(X, L⊗k), the
complex vector space of global holomorphic sections of the line bundle L⊗k, is
nk := (2k − 1)(g − 1) .
The Hermitian structure on L⊗k induced by the Hermitian structure on L will be denoted
by ‖ · ‖k.
We further assume that the curvature form c1(L, ‖ · ‖) of the line bundle L satisfies the
following condition:
c1(L, ‖ · ‖)(z) := −
√−1
2π
∂∂ log ‖s‖2(z) = 1
2π
µhypX (z) (2.3)
for every z ∈ X , where s is any locally defined holomorphic section of L. We note that
this condition determines ‖ · ‖ up to a positive constant scalar.
The Ka¨hler metric µhypX and the Hermitian structure ‖ · ‖k on L⊗k together produce an L2
inner-product on H0(X, L⊗k). For any k > 0, let {s1, · · · , snk} denote an orthonormal
basis of H0(X, L⊗k) with respect to this L2 inner-product.
The Bergman kernel associated to the complex vector space H0(X, L⊗k) is given by the
following formula
BkL(z) :=
nk∑
i=1
‖si‖2k(z) .
It should be clarified that the definition of the Bergman kernel BkL does not depend on
the above choice of orthonormal basis for H0(X, L⊗k).
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2.3. Bergman kernel associated to the cotangent bundle. Now specialize to the
case of L = ΩX , where ΩX as before denotes the holomorphic cotangent line bundle of
X .
For any k > 0, let S2k (Γ) denote the complex vector space of weight-2k cusp forms on
X . Locally, any ω ∈ H0(X, ΩX ) can be realized as f(z)dz, where f ∈ S2(Γ), which is
based on the Γ-invariance of the global form f(z)dz on H. Similarly, for any k > 0, and
ω ∈ H0(X, Ω⊗k
X
), locally, at any z ∈ X , we have ω(z) = f(z)dz⊗k, where f ∈ S2k (Γ) is
a weight-2k modular form with respect to Γ.
The point-wise metric function on H0(X, Ω⊗k
X
) is denoted by ‖ · ‖hyp. For any ω ∈
H0(X, Ω⊗k
X
), locally, at the point z = x +
√−1y ∈ X , it is given by the following
formula:
‖ω‖hyp(z) = yk|f(z)| ,
where ω(z) = f(z)dz⊗k; note that ‖ω‖hyp is a real valued function on X , a fact which
will come handy, later in the section.
For any ω ∈ H0(X, ΩX ) and z ∈ X , it is straight-forward to check that
c1(ΩX , ‖ · ‖hyp)(z) = −
√−1
2π
∂∂ log ‖ω‖2hyp(z) =
1
2π
µhypX (z) ,
and that the cotangent bundle ΩX satisfies the condition in (2.3).
The above point-wise metric ‖·‖hyp induces an L2-metric onH0(X, Ω⊗kX ), which is denoted
by 〈·, ·〉hyp. For any pair
ω, η ∈ H0(X, Ω⊗k
X
) ,
locally, at a point z = x+
√−1y ∈ X , if we have
ω(z) = f(z)dz⊗k and η(z) = g(z)dz⊗k ,
then the L2-metric is given by the formula
〈ω, η〉hyp =
∫
XΓ
y2kf(z)g(z)µhypX (z) ;
recall that XΓ is a fundamental domain.
Let {ω1, · · · , ωnk} be an orthonormal basis of H0(X, Ω⊗kX ) with respect to the L2-metric
〈·, ·〉hyp. Recall that nk = (2k − 1)(g − 1) if k ≥ 2 and n1 = g. Then, the Bergman
kernel associated to line bundle Ω⊗k
X
is given by the following formula
BkΩX (z) :=
nk∑
i=1
‖ωi‖2hyp(z) .
From the above discussion, it is clear that H0(X, Ω⊗k
X
) ∼= S2k (Γ) as complex vector
spaces. So analyzing B2k
X
, the Bergman kernel associated to the complex vector space
S2k (Γ), is equivalent to analyzing BkΩX . We now define B2kX , and also describe an infinite
series representation of B2k
X
. Our strategy to Main Theorem 1 and Main Theorem 2, is to
analyze and estimate the infinite series representation of B2k
X
.
For f ∈ S2k (Γ), there is the following point-wise metric at z = x+√−1y ∈ X
‖f‖pet(z) := yk|f(z)| ,
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which is also known as the Petersson norm. The Petersson norm induces an L2-metric on
S2k (Γ), which is also known as the Petersson inner product. For any f, h ∈ S2k (Γ), the
Petersson inner-product is given by the formula
〈f, h〉pet :=
∫
XΓ
y2kf(z)h(z) µhypX (z) .
Let {f1, · · · , fnk} be an orthonormal basis for S2k (Γ) with respect to the Petersson inner
product. Then, for any z = x +
√−1y ∈ X , the Bergman kernel associated to the
complex vector space S2k (Γ) is given by the formula
B2k
X
(z) :=
nk∑
i=1
‖fi‖2pet(z) = y2k
nk∑
i=1
|fi|2(z) .
The Bergman kernel B2k
X
(z) can also be defined by the infinite series (see Proposition 1.3
on p. 77 in [Fr])
B2k
X
(z) =
(2k − 1)(2√−1y)2k
4π
∑
γ∈Γ
1
(z − γz)2k ·
1
(cz + d)2k
, (2.4)
where γ =
(
a b
c d
)
∈ Γ. The expression for the Bergman kernel B2k
X
(z) given in [Fr]
is missing a factor of (2
√−1)2k, which is taken into account in the above formula.
Since H0(X, Ω⊗k
X
) ∼= S2k (Γ) as complex vector spaces, locally, we have the following
relation of Bergman kernels
BkΩX (z) = B2kX (z) .
2.4. Estimates of Bergman kernel. We now describe some asymptotic estimates of
the Bergman kernel associated to holomorphic line bundles, which satisfy equation (2.3).
Let L be a holomorphic Hermitian line bundle as above, satisfying equation (2.3), and let
V be a holomorphic vector bundle of rank r on X . Let BkV⊗L denote the Bergman kernel
associated to the holomorphic vector bundle V ⊗ L⊗k. Then, for k ≫ 0, and for any
z ∈ X , combining results from [MM] (Theorems 6.1.1 and 6.2.3) with equation (2.3), it
follows that
1
k
BkV⊗L(z) = r · BkL(z) +O
(
k−1
)
=
r
2π
+O
(
k−1
)
. (2.5)
From equation (2.5) it follows that for large values of k the value of BkL(z) depends
asymptotically only on k.
We now describe estimates of BkΩX , which are derived using arguments from [AM1]. In
[AM2], extending the arguments from [AM1], an explicit estimate of B2k
X
(z) is derived,
which is stated below. For a compact hyperbolic Riemann surface X , and for any k ≥ 3,
and z := x + iy ∈ X , substituting δ = 0 in estimate (5) in Main theorem from [AM2],
we have the following estimate
BkΩX (z) ≤
(2k − 1)(2y)2k
4π
∑
γ∈Γ
1∣∣z − γz∣∣2k · ∣∣cz + d∣∣2k
=
(2k − 1)(2y)2k
4π
∑
γ∈Γ
1
cosh2k(dhyp(z, γz)/2)
≤ Ck
X
(2.6)
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where
Ck
X
:=
2k − 1
4π
(
2 +
16
cosh2k−4(rX /4)
+
8
cosh2k−3(rX /2)
)
+
2k − 1
2π sinh2(rX /4)
·
(
1
(2k − 2) cosh2k−3(rX /2)
+
1
(k − 2) cosh2k−4(rX /2)
)
. (2.7)
2.5. Bergman metric on X. For any k > 0 and z ∈ X , the weight-k Bergman metric
on X is expressed as
µk ,berX (z) := −
√−1
2π
∂∂ log(BkΩX (z)) . (2.8)
We now estimate the ratio µk ,berX / µ
hyp
X ; the following function is introduced in order to
facilitate the computations that ensue. For any k > 0 and z ∈ H, put
Bk (z) :=
∑
γ∈Γ
(
√−1)2k
(z − γz)2k · (cz + d)2k . (2.9)
Combining equations (2.4) and (2.9), we arrive at the equation
BkΩX (z) =
(2k − 1)
4π
· (2y)2k Bk (z) . (2.10)
From the above equation it follows that Bk(z) is a real-valued positive function. So, we
make the following observation
log(BkΩX (z)) = log
(
4k(2k − 1)
4π
)
+ log(y2k) + log(Bk (z)) . (2.11)
Furthermore, for any z = x+
√−1y and w = u+√−1v ∈ H, the following holds:
cosh2(dhyp(z, w)/2) =
∣∣z − w∣∣2
4yv
.
For any n ≥ k > 0 and z ∈ X , using the above formula, and from the estimate in (2.6),
we have∣∣Bn(z)∣∣ ≤ ∑
γ∈Γ
1∣∣z − γz∣∣2n · ∣∣cz + d∣∣2n = 1(2y)2n ·∑γ∈Γ 1cosh2n(dhyp(z, γz)/2)
≤ 1
(2y)2n
·
∑
γ∈Γ
1
cosh2k(dhyp(z, γz)/2)
≤ 4π
(2k − 1) ·
Ck
X
(2y)2n
. (2.12)
Proposition 2.1. With notation as above, for any k > 0 and z ∈ X,
µk ,berX (z) =
k
2π
µhypX (z) +
y2
π
( ∂ Bk (z)
∂z
∂ Bk(z)
∂z
Bk 2(z)
−
∂2 Bk(z)
∂z∂z
Bk (z)
)
µhypX (z) . (2.13)
Proof. For any k > 0 and z ∈ X , from equation (2.11),
µk ,berX (z) = −
√−1
2π
∂∂ log(BkΩX (z)) = −
√−1
2π
∂∂ log(y2k)−
√−1
2π
∂∂ log(Bk(z)) . (2.14)
Now observe that
−
√−1
2π
∂∂ log(y2k) =
k
2π
µhypX (z) . (2.15)
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Using equation (2.1), we compute
−
√−1
2π
∂∂ log(Bk(z)) =
√−1
2π
( ∂ Bk (z)
∂z
∂ Bk(z)
∂z
Bk 2(z)
−
∂2 Bk(z)
∂z∂z
Bk (z)
)
dz ∧ dz
=
y2
π
( ∂ Bk(z)
∂z
∂ Bk (z)
∂z
Bk 2(z)
−
∂2 Bk(z)
∂z∂z
Bk (z)
)
µhypX (z). (2.16)
Combining equations (2.14), (2.15) and (2.16) the proof of the proposition is completed.

We now estimate each of the terms involved in the right-hand side of equation (2.13).
Lemma 2.2. With notation as above, for any k ≥ 3 and z = x + √−1y ∈ H, the
following estimate holds: ∣∣∣∣∂ Bk (z)∂z
∣∣∣∣ ≤ 16πk2k − 1 · CkX(2y)2k+1 ,
where the constant Ck
X
is defined in (2.7).
Proof. For any k ≥ 3 and z = x+√−1y ∈ H, from equation (2.9), we have
∂ Bk (z)
∂z
= −
∑
γ∈Γ
2k · (√−1)2k
(z − γz)2k+1 · (cz + d)2k ,
which implies that ∣∣∣∣∂ Bk (z)∂z
∣∣∣∣ ≤ ∑
γ∈Γ
2k∣∣z − γz∣∣2k+1 · ∣∣cz + d∣∣2k .
For any γ ∈ Γ, let γz = xγ +
√−1 · yγ ∈ H. Then observe that∣∣z − γz∣∣ = √(x− xγ)2 + (y + yγ)2, hence 1∣∣z − γz∣∣ ≤ 1y . (2.17)
Combining the above observation with estimate (2.6), we derive that∣∣∣∣∂ Bk (z)∂z
∣∣∣∣ ≤ 2ky ∑
γ∈Γ
1∣∣z − γz∣∣2k · ∣∣cz + d∣∣2k
≤ 2k
y
∑
γ∈Γ
1∣∣z − γz∣∣2k · ∣∣cz + d∣∣2k ≤ 2ky · 4π C
k
X
(2k − 1)(2y)2k ,
which completes the proof. 
Lemma 2.3. With notation as above, for any k ≥ 3 and z = x + √−1y ∈ H, the
following estimate holds: ∣∣∣∣∂ Bk (z)∂z
∣∣∣∣ ≤ 16πk2k − 1 · CkX(2y)2k+1 .
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Proof. For any k > 0 and z = x+
√−1y ∈ H, as the function Bk(z) is real valued, we
have
Bk(z) =
∑
γ∈Γ
(
√−1)2k
(z − γz)2k · (cz + d)2k =
∑
γ∈Γ
(
√−1)2k
(z − γz)2k · (cz + d)2k .
So for any k ≥ 3 and z = x+√−1y ∈ H, we have
∂ Bk (z)
∂z
= −
∑
γ∈Γ
2k · (√−1)2k
(z − γz)2k+1 · (cz + d)2k . (2.18)
The lemma now follows from same arguments as in Lemma 2.2. 
Lemma 2.4. For any k ≥ 3 and z = x+√−1y ∈ H, the following estimate holds:∣∣∣∣∂2 Bk (z)∂z∂z
∣∣∣∣ ≤ π(80k2 + 8k)(2k − 1) · CkX(2y)2k+2 .
Proof. For any γ =
(
a b
c d
)
∈ Γ and z ∈ H, observe that
∂(γz)
∂z
=
1
(cz + d)2
.
Combining the above equation with equation (2.18), we derive
∂2 Bk(z)
∂z∂z
= − ∂
∂z
(∑
γ∈Γ
2k · (√−1)2k
(z − γz)2k+1 · (cz + d)2k
)
= −
∑
γ∈Γ
2k(2k + 1) · (√−1)2k
(z − γz)2k+2 · (cz + d)2k+2 +
∑
γ∈Γ
4ck2 · (√−1)2k
(z − γz)2k+1 · (cz + d)2k+1 . (2.19)
We now estimate each of the terms on the right-hand side of the above equation. From
estimate (2.12) we have the following estimate for the first term on the right-hand side of
equation (2.19)
−
∑
γ∈Γ
2k(2k + 1) · (√−1)2k
(z − γz)2k+2 · (cz + d)2k+2 ≤ 2k(2k + 1)Bk+1(z) ≤
8πk(2k + 1)
(2k − 1) ·
Ck
X
(2y)2k+2
.
(2.20)
For any γ =
(
a b
c d
)
∈ Γ and z = x+√−1y ∈ H, observe that
c∣∣cz + d∣∣ = c√(cx+ d)2 + (cy)2 ≤ 1y . (2.21)
Combining inequalities (2.17) and (2.21) with the estimate in (2.12), we have the following
estimate for the second term on the right-hand side of equation (2.19)∑
γ∈Γ
4ck2 · (√−1)2k
(z − γz)2k+1 · (cz + d)2k+1
≤
∑
γ∈Γ
4ck2∣∣cz + d∣∣ · 1∣∣z − γz∣∣ · 1∣∣z − γz∣∣2k · ∣∣cz + d∣∣2k ≤ 64πk
2
2k − 1 ·
Ck
X
(2y)2k+2
. (2.22)
10 A. ARYASOMAYAJULA AND I. BISWAS
Combining estimates (2.20) and (2.22) with (2.19) we arrive at the following estimate:
∂2 Bk (z)
∂z∂z
≤ 8πk(2k + 1)
(2k − 1) ·
Ck
X
(2y)2k+2
+
64πk2
2k − 1 ·
Ck
X
(2y)2k+2
≤ π(80k
2 + 8k)
(2k − 1) ·
Ck
X
(2y)2k+2
which completes the proof of the lemma. 
Theorem 2.5. With notation as above, for any k ≥ 3 and z ∈ X, the following estimate
holds: ∣∣∣∣µk ,berX (z)µhypX (z)
∣∣∣∣ ≤ k2π · CkXBkΩX (z) ·
(
4 Ck
X
BkΩX (z)
+ 5 +
1
2k
)
+
k
2π
,
where µk ,berX (z) is defined in (2.8).
Proof. For any k ≥ 3 and z ∈ X , from Proposition 2.1 we have∣∣∣∣µk ,berX (z)µhypX (z)
∣∣∣∣ ≤ k2π + y2π
∣∣∣∣∣
∂ Bk(z)
∂z
∂ Bk (z)
∂z
Bk 2(z)
∣∣∣∣∣ + y2π
∣∣∣∣∣
∂2 Bk (z)
∂z∂z
Bk(z)
∣∣∣∣∣ . (2.23)
Combining Lemma 2.2, Lemma 2.3, and Lemma 2.4 with (2.10), we arrive at the following
estimate
y2
π
∣∣∣∣∣
∂ Bk (z)
∂z
∂ Bk(z)
∂z
Bk 2(z)
∣∣∣∣∣+ y2π
∣∣∣∣∣
∂2 Bk(z)
∂z∂z
Bk (z)
∣∣∣∣∣
≤ y
2
π
·
(
4k Ck
X
2k−1
4π
· (2y)2k+1Bk (z)
)2
+
y2
π
· (20k
2 + 2k) Ck
X
2k−1
4π
· (2y)2k+2Bk (z)
≤ k
2
π·
Ck
X
BkΩX (z)
·
(
4 Ck
X
BkΩX (z)
+ 5 +
1
2k
)
. (2.24)
Combining estimates (2.23) and (2.24) completes the proof of the theorem. 
Corollary 2.6. With notation as above, for any z ∈ X, the following estimate holds:
lim
k→∞
1
k2
∣∣∣∣µk ,berX (z)µhypX (z)
∣∣∣∣ ≤ 26π .
Proof. For k ≫ 0, from the estimates in (2.7) and (2.5) we have the estimates,
Ck
X
≤ 2k − 1
2π
+O
(
k
cosh2k−4(rX /2)
)
and
1
k
BkΩX (z) =
1
2π
+O
(
k−1
)
,
respectively. Using the above estimates, and the fact that both the above estimates are
uniform in k, we derive that
Ck
X
BkΩX (z)
≤ 2 +O(k−1) ,
and the above estimate is uniform in k. Combining the above inequality with Theorem
2.5 completes the proof. 
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3. Comparison of metrics on symmetric product of a Riemann surface
3.1. Symmetric product of a Riemann surface. Let Xd := X × · · ·×X denote the
d-fold Cartesian product of X . For each 1 ≤ i ≤ d, let
pi : X
d −→ X
denote the projection to the i-th factor. Put
µhyp
Xd
:=
d∑
i=1
p∗i µ
hyp
X ,
which defines a Ka¨hler metric on Xd.
Let Sd denote the group of permutations of the set {1, · · · , d}. It acts onXd by permuting
the factors of the Cartesian product. The resulting quotient Xd/Sd is called the d-fold
symmetric product of X , and it is denoted by Symd(X). This Symd(X) is an irreducible
smooth complex projective variety of complex dimension d. The above Ka¨hler metric µhyp
Xd
on Xd is evidently invariant under the action of Sd. Therefore, µ
hyp
Xd
produces an orbifold
Ka¨hler metric on Symd(X). This orbifold Ka¨hler metric on Symd(X) given by µhyp
Xd
will
again be denoted by µhyp
Xd
, for brevity of notation.
The volume form on Symd(X) associated to µhyp
Xd
will be denoted by µhyp
Xd,vol
.
As before, let L be a holomorphic Hermitian line bundle over X of degree 2(g−1), satisfy-
ing equation (2.3). Recall that the vector space H0(X, L⊗k) is equipped with an L2 inner
product. Choose an orthonormal basis of H0(X, L⊗k). Using it, the complex Hermitian
space H0(X, L⊗k) gets identified with Cnk equipped with the standard Euclidean metric,
where nk = dimH
0(X, L⊗k) = (2k − 1)(g − 1).
Set
rk = nk − d .
Let Gr(rk, nk) denote the Grassmannian parametrizing rk-dimensional vector subspaces
of Cnk . For any z : = (z1, · · · , zd) ∈ Symd(X), let D : = x1 + . . . + xd be the divisor
associated to the point z on X , where x1 = z1, · · · , xd = zd. Consider the injective
homomorphism
H0(X, L⊗k⊗OX(−D)) →֒ H0(X, L⊗k) (3.1)
given by the subsheaf L⊗k⊗OX(−D) ⊂ L⊗k. For any k with 2(k − 1)(g − 1) > d, we
have
dimH0(X, L⊗k⊗OX(−D)) = (2k − 1)(g − 1)− d
because H1(X, L⊗k⊗OX(−D)) = 0 (Serre duality) and Riemann–Roch. Therefore, the
subspace in (3.1) gives an element of Gr(rk, nk).
Consequently, we have a map
ϕkL : Sym
d(X) −→ Gr(rk, nk) (3.2)
(z1, · · · , zd) 7−→ H0(X, L⊗k⊗OX(−D)) ⊂ H0(X, L⊗k) .
It is known that ϕkL is holomorphic embedding (cf. [BR1]).
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3.2. Grassmannian and the Fubini-Study metric. We now describe the Fubini-
Study metric defined over a Grassmannian. We refer the reader to section five of chapter
one of [GH], and chapter four of [Ba], for standard material on Grassmannians and Fubini-
Study metrics on them.
As before, rk = nk − d. Let
π : H −→ Gr(rk, nk)
denote the tautological vector bundle of rank rk whose fiber over any point p ∈ Gr(rk, nk)
is the rk dimensional subspace of C
nk represented by the point p. The vector bundle H
is a sub-bundle of the trivial vector bundle Gr(rk, nk) × Cnk −→ Gr(rk, nk). We now
describe a local chart around a fixed point p0 ∈ Gr(rk, nk), and a holomorphic frame for
the vector bundle H over this chart.
Let E := {e1, . . . , enk} denote the standard basis of Cnk , and without loss of generality,
let the vector subspace corresponding to the point p0 ∈ Gr(rk, nk) be spanned by the
vectors {e1, · · · , erk}. Take Nk = rk(nk − rk). Identify CNk := Crk(nk−rk) with the
matrices of the form
Mz :=
 z11 · · · z1rk... · · · ...
znk−rk,1 · · · znk−rk,rk

with complex entries.
Now to each z ∈ CNk , we associate the point pz on Gr(rk, nk), which denotes the vector
space spanned by the columns of the matrix
M˜z :=
(
Idrk
Mz
)
,
where Idrk is the identity matrix of size rk × rk.
The identification of points on CNk with subspaces of Cnk of dimension rk induces an
injective map from CNk onto a Zariski open dense subset U ⊂ Gr(rk, nk) with p0 ∈ U ,
which will be our local chart around the point p0.
With notation as above, the columns of the above matrices M˜z give us a local holomorphic
frame for the vector bundle H over U . In other words, H is trivialized over U . As noted
before, H is a sub-bundle of the trivial vector bundle Gr(rk, nk)× Cnk . Considering the
restriction of the standard inner product on Cnk to the fibers of H we get a Hermitian
structure on H; this Hermitian structure on H is denoted by ‖ · ‖H. So for any s ∈
H0(U, H) given by an element of Crk (using the above trivialization of H |U), and for any
pz ∈ U ⊂ Gr(rk, nk), we have the following expression for ‖s‖2H(pz):
‖s‖2H(pz) := s∗M˜∗z M˜zs = s∗(Idrk +M∗zMz)s , (3.3)
where s∗ denotes the conjugate transpose of s, and the section s is viewed as a vector in
C
rk .
The holomorphic tangent bundle TGr(rk, nk) is holomorphically identified with the vector
bundle
Hom(H, (Gr(rk, nk)× Cnk)/H) = ((Gr(rk, nk)× Cnk)/H)⊗H∗
(recall that H is a sub-bundle of the trivial vector bundle Gr(rk, nk)× Cnk). Just as the
standard inner product on Cnk produces a Hermitian structure on H, it also produces
a Hermitian structure on the quotient (Gr(rk, nk)× Cnk)/H by identifying the quotient
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with the orthogonal complement H⊥ and then restricting the standard inner product to
this orthogonal complement. Therefore, we get a Hermitian structure on
TGr(rk, nk) = Hom(H, (Gr(rk, nk)× Cnk)/H) .
This Hermitian form on Gr(rk, nk) is in fact Ka¨hler; it is known as the Fubini-Study
metric, and it is denoted by µFSGr. Locally, at any pz ∈ Gr(r, n), we have
µFSGr(pz) := −
√−1
2π
∂∂ log ‖s‖2H(pz) ,
where s is any holomorphic global section of H.
Using equation (3.3), we arrive at
µFSGr(pz) = −
√−1
2π
∂∂ log
(
s
∗(Idrk +M
∗
zMz)s
)
= −
√−1
2π
∂∂ log
(
det
(
s
∗
(
Idrk +M
∗
zMz
)
s
))
= −
√−1
2π
∂∂ log
(
det(M˜∗z M˜z)
)
.
Proposition 3.1. At any point z := (z1, · · · , zd) ∈ Symd(X), the pulled back metric
µFS,k
L,Symd(X)
:= (ϕkL)
∗(µFS)
on Symd(X), where ϕkL is constructed in (3.2), is given by the following formula:
µFS,k
L,Symd(X)
(z) = −
√−1
2π
d∑
i=1
∂zi∂zi log(BkL,D(zi)) ,
where BkL,D(zi) is the Bergman kernel associated to the line bundle L⊗k⊗OX(−
∑d
ℓ=1 zℓ).
Proof. Denote by D the divisor z1 + . . . + zd. Let {s1, · · · , srk} be a basis, of the above
type, of the vector space H0(X, L⊗k ⊗OX(−D)). Then, from the above identifications,
where each column of the matrix corresponding to the point pz ∈ Gr(rk, nk) is obtained
by identifying each of the section si with vectors in C
nk , we have
(ϕkL)
∗
(
∂∂ log(det(M˜∗z M˜z))
)
=
d∑
i=1
∂∂ log
( rk∑
j=1
‖sj‖2k(z)
)∣∣
z=zi
=
d∑
i=1
∂zi∂zi log(BkL,D(zi)) ,
which completes the proof. 
Now let L = ΩX , and fix d. Let BkΩX ,D denote the Bergman kernel associated to the
line bundle Ω⊗k
X
⊗OX(−D), where D is an effective divisor on X of degree d. Then, for
k ≫ 0 and any z ∈ X , from estimate (2.5) we have
BkΩX ,D(z) = BkΩX (z) +O
(
k−1
)
=
1
2π
+O
(
k−1
)
. (3.4)
Furthermore, let ϕkΩX be the embedding, as in (3.2), of Sym
d(X) for the line bundle Ω⊗k
X
.
Let µFS,k
Symd(X)
:= (ϕkΩX )
∗(µFS) be the pull-back of the Fubini-Study metric on Gr(rk, nk).
Let µFS,k
Symd(X),vol
denote the volume form associated to µFS,k
Symd(X)
. Then, for k ≫ 0, the
following theorem gives an estimate of the ratio of volume forms µFS,k
Symd(X),vol
/ µhyp
Xd,vol
.
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Theorem 3.2. For k ≫ 0, and any z := (z1, · · · , zd) ∈ Symd(X), the following
estimate holds:∣∣∣∣µFS,kSymd(X),vol(z)µhyp
Xd,vol
(z)
∣∣∣∣ ≤ d∏
i=1
(
k2
π
· C
k
X
BkΩX (zi)
·
(
4 Ck
X
BkΩX (zi)
+ 5 +
1
2k
)
+
k
2π
)
+ oz(k) ,
where oz(k) represents a smooth function on Sym
d(X) for each k, which for any z ∈
Symd(X), goes to zero as k tends to infinity.
Proof. For k ≫ 0, and any z := (z1, · · · , zd) ∈ Symd(X), from (3.4) and Proposition
3.1 we have
µFS,k
Symd(X)
(z) = −
√−1
2π
d∑
i=1
∂zi∂zi log(BkΩX ,D(zi)) =
d∑
i=1
µk ,berX (zi) + ôz(k) ,
where ôz(k) represents a smooth (1, 1)-form on Sym
d(X), which for any z ∈ Symd(X),
goes to zero as k tends to infinity. The theorem now follows from Theorem 2.5. 
Corollary 3.3. With notation as above, for any z := (z1, · · · , zd) ∈ Symd(X), the follow-
ing estimate holds:
lim
k→∞
1
k2d
∣∣∣∣µFS,kSymd(X),vol(z)µhyp
Xd,vol
(z)
∣∣∣∣ ≤ (26π
)d
.
Proof. This follows from Theorem 3.2 and Corollary 2.6. 
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